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The two-dimensional (2D) Hubbard model has long attracted interest for its rich phase diagram and its
relevance to high-7, superconductivity. However, reliable finite-temperature studies remain challenging due to
the exponential complexity of many-body interactions. Here, we introduce an enhanced 1s* exponential tensor
renormalization group algorithm that enables efficient finite-temperature simulations of the 2D Hubbard model.
By exploring an expanded space, our approach achieves two-site update accuracy at the computational cost of a
one-site update, and delivers up to 50% acceleration for Hubbard-like systems, which enables simulations down

to T=~0.004¢. This advance permits a direct investigation of superconducting order over a wide temperature
range and facilitates a comparison with zero-temperature infinite projected entangled pair state simulations.
Finally, we compile a comprehensive dataset of snapshots spanning the relevant region of the phase diagram,
providing a valuable reference for artificial-intelligence-driven analyses of the Hubbard model and a comparison

with cold-atom experiments.
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I. INTRODUCTION

High-T,. superconductivity in cuprate materials has at-
tracted immense research interest ever since its discovery
[1-5]. The two-dimensional (2D) Hubbard model [6,7] on
a square lattice is widely believed to capture the essen-
tial physics of these systems, particularly the effects of
strong electron correlations. In recent years, extensive re-
search has been carried out to explore the ground-state
(zero-temperature) properties of the Hubbard model [8-47]
or its simplified counterpart, ¢-J model [48—65]. In particu-
lar, long-range or quasi-long-range pairing orders, indicative
of robust superconductivity, have been observed in the pres-
ence of a positive next-nearest-neighbor hopping amplitude ¢’
[37,44,47,57-59,63—-65]. This naturally raises the question of
how much such superconducting behavior extends to higher
temperatures.

However, finite-temperature studies of the Hubbard model
remain challenging due to the limitations of traditional numer-
ical techniques. For example, the finite-temperature Lanczos
method is constrained to small system sizes [66—68], while
quantum Monte Carlo (QMC) is plagued by the notorious
sign problem at finite doping [69,70]. In this context, thermal
tensor network algorithms have emerged as promising alter-
natives. [71-89]. In particular, the exponential tensor renor-
malization group (XTRG) [78] method excels in performing
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exponentially rapid cooling of the system, albeit at the cost of
relatively high computational complexity.

In this work, we apply the controlled bond expansion
(CBE) technique [90-92] originally designed for matrix
product state (MPS) methods such as density matrix renormal-
ization group (DMRG) [91] and time-dependent variational
principle [92] to products of matrix product operators
(MPOs), thereby introducing an enhanced 1s*™ XTRG al-
gorithm. By exploring an enlarged variational space, our
scheme attains two-site update accuracy at a much lower com-
putational complexity, delivering up to a 50% acceleration
for Hubbard-like systems. This improvement enables cool-
ing down to 7'/t =1/256 (approximately 20K for t=0.3~
0.5eV) and facilitates quantitative comparison with zero-
temperature infinite projected entangled pair state (iPEPS)
results [47]. Pairing correlations are found to be enhanced
at positive next-nearest-neighbor (NNN) hopping ratio #'/t,
and the pseudogap behavior, together with a possible Nagaoka
polaron, is identified through the temperature dependence
of the spin susceptibility. Finally, we generate and validate
a comprehensive dataset of snapshots spanning the under-
doped, intermediate-doped, and overdoped regimes across
high, medium, and low temperatures. This dataset offers
valuable resources for future artificial-intelligence (Al)-driven
analyses [93,94] of the Hubbard model and for comparison or
calibration of cold-atom experiments [83,94—108].

II. MODEL AND METHOD

In this paper, we consider the 2D 7-#' Hubbard model on an
8 x 8 square lattice with periodic boundary conditions (PBC)
on the y direction and open boundary conditions (OBC) on
the x direction unless stated otherwise. The Hamiltonian is
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defined as
H=-> tjle,cjo +Hel+ U nymy. (1)

i,j,0 i

Here, t;; = t or ¢’ for nearest-neighbor (NN) or NNN hopping
amplitude, respectively, and zero otherwise; U measures the
on-site Coulomb repulsion. Throughout this paper, we use
U/t = 10, as established to be realistic for cuprate materials
[109,110], and set ¢t = 1 for convenience.

A comparison of band structure between cuprate supercon-
ductors and the Hubbard model suggests a positive ¢'/t ratio
for electron-doped cuprates and a negative ¢'/¢ for hole-doped
cuprates [109,110]. However, we note that this identification
leads to inconsistencies between model predictions and exper-
imental observations for crucial order parameters, as reported
previously [47,88,111] and further corroborated in the present
work (see Sec. VI on pair-pair correlations).

The XTRG algorithm [78] provides an efficient framework
for constructing the thermal density matrix p = exp(—8 H)
of a quantum many-body system in the form of a MPO, where
B =1/T is the inverse temperature. Specifically, an initial
density matrix p(By) is prepared at a high temperature (small
Bo=27"0) via the series expansion

1
p(Bo) =1 —ﬂoH+5ﬂ§H2+“'- 2

The density matrix at half the temperature, or equivalently,
at inverse temperature 2, is then obtained by squaring the
density matrix at 8:

p(2B) = exp{=2BH} = p(B)p(B). 3)

After n iterations, one reaches an inverse temperature of 2" 8,
realizing an exponentially fast cooling of the system. The
principal computational bottleneck in XTRG thus lies in the
efficient MPO-MPO product.

Analogous to the DMRG, XTRG supports both one-site
and two-site update schemes for MPO-MPO products. The
one-site update is computationally cheaper but limited by a
restricted variational space. The two-site update overcomes
this limitation by exploring a larger variational manifold, at
the cost of much higher computational complexity.

The controlled bond expansion (CBE) technique [90-92]
offers a balanced compromise: by modestly enlarging the
variational space, CBE achieves near two-site update accu-
racy while maintaining a cost closer to that of the one-site
update. In the following section, we demonstrate how the CBE
technique can be adapted to the MPO-MPO product, lead-
ing to a Is™ scheme that significantly accelerates the XTRG
algorithm.

Our simulations employ the state-of-the-art QSpace tensor
library [112-115], which preserves the U(1)charge X SU(2)spin
symmetry in the MPO representation of the thermal density
matrix. This allows us to retain up to D* = 1500 multiplets
(approximately D ~ 4000 individual states), ensuring suffi-
cient convergence of the XTRG algorithm.

III. 1s* MPO-MPO PRODUCT

The MPO-MPO product constitutes a fundamental, and of-
ten the most computationally demanding, kernel in the XTRG

algorithm. Both computing powers of H in the series expan-
sion of p(By) and performing the cooling step entail repeated
MPO-MPO multiplications. A naive contraction of two MPOs
with bond dimension D yields an MPO of bond dimension
D?; compressing it back to D via a straightforward singular
value decomposition (SVD) incurs a cost of O(D®). This
overhead naturally motivates the development of variational
compression schemes.

In the variational approach, one posits an ansatz for the
target MPO and optimizes its proximity to the exact product.
Concretely, given MPOs A and B with product A o B, we seek
an MPO C that minimizes the squared Frobenius norm of the
discrepancy [78]

|C —AoB|2=C'C—C'(AoB)+Hc. +const., (4)

where o denotes the MPO-MPO product. The optimization
proceeds by sweeping along the chain and alternately updat-
ing one tensor at a time (one-site update, or 1s) or two adjacent
tensors (two-site update, or 2s), while keeping all others fixed.
The one-site update requires solving the linear system

dC'C _ dC"(AoB)
acr — dCr

1 l

&)

iteratively for i = 1,2, ..., L, where L is the length of the
MPO chain. For canonicalized MPOs, the left-hand side col-
lapses to the tensor C; to be updated (denoted as 1s below).
Diagrammatically, the one-site update reads [78]

e B —

//‘-\I

1
1s

{‘\} = 1 "'\ B~ Ve (6)
LN
cOd

= = v 1 —J
To circumvent the clutter introduced by twisty lines for phys-

ical indices, we streamline the notation by rearranging the
physical indices as follows:

)

where the environment tensors V; and Vi are precomputed
and held fixed during the one-site update. The semicircles
at the contact points between the physical index and tensor
B indicate that the physical index passes through without
contraction.

A prevalent flaw of the one-site update is its inability to
enlarge the variational space in the presence of symmetry
constraints. As implied by Eq. (7), the updated tensor remains
confined to the symmetry sector of the original tensor. This
constraint can be alleviated by the two-site update, which
simultaneously optimizes two neighboring tensors, i.e.,

aC’'C  3C'(AoB)
I(CCir1)*  ACCipr)*

®)
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Diagrammatically, the two-site update reads [78]

A=A
BlI=B=W ©

—

—(—:VL

The meaning of the polygon-shaped tensor will be clarified
later. The optimized two-site tensor is then decomposed via
an SVD to produce the updated MPO tensors, i.e.,

11 SVD | |
- 25 —=— = = (C —= (10)
I 1 | |

Note that a full SVD in Eq. (10) generates in total Dd>
components, where d is the physical Hilbert-space dimen-
sion, whereas only the leading D components are ultimately
retained. Consequently, most components are computed only
to be discarded, squandering computational resources. Our
1s™ scheme mitigates this inefficiency by injecting only a
small fraction of additional components, thereby enlarging the
accessible variational space without incurring the full cost of
a two-site update.

In the spirit of Ref. [90], a full MPO tensor admits a decom-
position into a discarded-space component and a kept-space
component

D I D& D D D
—>—| >> — = D
| | | an
Full Discarded Kept

In our notation, tensors are depicted as (composite) poly-
gons. The discarded component is denoted by a pentagon with
a wedge, and the kept component by a polygon with both a
wedge and a notch. Gray lines indicate components from the
discarded space. The protruding face indicates the direction
toward the orthogonality center of the MPO, or equivalently,
the opposite direction to the normalization. In the example
above, the MPO tensors are left normalized, placing the or-
thogonality center to the right of the tensor. Directions of the
arrows encode the flow of quantum numbers, following the
convention of Ref. [114].

Similar to the CBE technique [91], the discrepancy
between the variational spaces accessible to the one-site
and two-site updates can be identified by the following
construction:

12)

The two-site discarded-space tensor spans the variational
sector accessible to the two-site update but excluded from the
one-site manifold. An exact construction of this tensor would

incur a computational cost O(D*d*) comparable to a full two-
site update. The dominant cost resides in the contraction of the
left and right part of the above two-site tensor. Therefore, for
practical purposes, we instead distill its principal components
by performing the following SVD:

¢ SlD } >_>_9P —zp— —— ( 1 3)

and retain only the leading &, components. Here, &, serves
as a hyperparameter that controls the fidelity of the two-site
discarded-space approximation. In our simulations, we choose
Dy, = round(+/D) to balance accuracy against computational
overhead. With this construction, the green tensor acts as a
projector that compresses the bond dimension further down to
. The principal components of the two-site discarded-space
tensor are then extracted by inserting these projectors as

>~
'é Vr

—— 1 ct—=—
(14)
I 11
SVD | |
= — R———

We emphasize that this procedure yields only an ap-
proximation to the principal components. In practice, exact
identification of the principal components are unnecessary:
the goal is to efficiently isolate the principal subspace that
complements the one-site update, after which subsequent op-
timization sweeps would converge to the desired solution.

We now outline the ensuing steps for a left-to-right opti-
mization sweep; the right-to-left sweep proceeds analogously.
The two-site discarded-space tensor is decomposed and trun-
cated to 2, via an SVD [see Eq. (14)], yielding the isometry
R tailored for the left-to-right sweep. The tensor R thus serves
as the supplement to the MPO tensor on the right. In our com-
putations, we set 2, = round(~/D). Next, the left supplement
tensor, L, is obtained by

Vr (15)

Tensors L and R thus offers the additional components that
augment the variational space. Equipped with these ingredi-
ents, we assemble the expanded MPO tensors LT and R as
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follows:
(16)

Contracting L™ and R* produces a tensor analogous to the
two-site object in Eq. (10), albeit with substantially fewer
auxiliary components. The updated MPO tensors are then
obtained by applying an SVD and truncating to the leading
D components

1 | SVD | 1
L —~Rt= = —>—C>—C—~ (17
| | | |

The canonical two-site update exhibits a computational
complexity O(D*d*), where d denotes the physical dimension
of the MPO tensors; this scaling is dominated by constructing
the updated two-site tensors. By contrast, the 1s™ scheme
reduces the complexity to the one-site level, i.e., oD*d?),
thereby shifting the computational bottleneck to constructing
the environmental tensors V;, and V. Consequently, the over-
all complexity of the Is* scheme is O(D*d? + D*d*). For
Hubbard-like systems, the physical dimension d = 4, render-
ing a maximum 4 x speedup relative to the two-site update. In
practice, we observe speedups of up to 50% for the Hubbard
model, owing to the overheads from the additional operations.
The realized acceleration also depends on the specific choice
of &, and Z..

IV. BENCHMARKS

In this section, we present benchmarks of the 1s* XTRG
algorithm on an analytically solvable free-fermion model.
We adopt the following Hamiltonian defined on a one-
dimensional open-boundary chain of length L:

L—-1

H=—t Z[CZC[+1 + cjﬂci]. (18)
i=1

This Hamiltonian is exactly diagonalizable, yielding eigen-
values €, = —2¢tcos(km /(L+ 1)) for k=1, ..., L. Accord-
ingly, the free energy can be computed as

L
F=-T Zln(l + e~ P, (19)
k=1

In our benchmarks, we initialize the density matrix at a
high temperature of 8 = 272 and perform 20 1s* XTRG it-
erations to cool the system down to 8 = 28. Figure 1 displays
the relative error of the free energy F as a function of the
inverse temperature 8, computed via the 1s™ XTRG algorithm
with bond dimensions D = 400, 600, 800, respectively. The
numerics indicate that the 1s™ XTRG algorithm achieves ac-
curacy comparable to the two-site update scheme [78], while
delivering a substantial speedup. Similar plateaulike behaviors
are also observed in Ref. [78]. They depend on the bond

|FXTRG - Fexacll/lFexactl

1 1 1 1 1 1
10 10 10 10° 10 10
B=1T

FIG. 1. The error of the free energy F of the free-fermion model
of length L = 64 relative to the exact value as a function of the
inverse temperature B, obtained via the 1st XTRG algorithm with
bond dimension D = 400, 600, 800, respectively.

dimensions and system sizes, and do not carry further physical
meaning.

V. ENERGETICS OF THE HUBBARD MODEL

In this section, we juxtapose the energetics of the ¢-t" Hub-
bard model obtained from an iPEPS ground-state search with
those from XTRG cooling. Our enhanced 1s™ XTRG algo-
rithm enables a cooling of the system down to a temperature
of T'/t =1/256, sufficiently low to warrant a comparison with
zero-temperature ground-state studies.

The iPEPS ground-state search is performed on an infinite
lattice, achieved by PBC on both x and y directions, with a
4 x 2 (uniform) or 8 x 2 (striped) supercell, following [47].
Ground states of distinct characteristics are targeted by con-
straining the spin symmetry of the tensor network: imposing
SU(2)spin yields a uniform state, whereas enforcing U(1)gpin
produces a striped state. The uniform states retain D* =7
multiplets, equivalent to D = 12 individual states; for con-
sistency, the striped states are fixed to a bond dimension of
D =12.

The XTRG runs start from a high temperature of g = 2712
on an 8 x 8 lattice with PBC along the y direction, and the
system is cooled down to 8 = 28 via 20 1s™ XTRG iterations.
Throughout, we preserve U(1)charge X SU(2)spin Symmetry in
the MPO representation of the thermal density matrix, allow-
ing us to retain up to D* = 1500 multiplets (approximately
D >~ 4000 individual states). We consider only the SU(2)gpin
symmetry here since continuous symmetry breaking is pre-
cluded at finite temperature by the Mermin-Wagner theorem
[116,117].

The iPEPS ground states and XTRG density matrices
are defined on lattices with differing boundary conditions,
which in turn modifies the count of kinetic terms in the
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FIG. 2. The ground-state energy per site (red for uniform and orange for striped states) obtained from iPEPS simulations, and the energy at
T/t = 1/256 (blue) obtained from the 1st XTRG algorithm. The iPEPS ground states are acquired on an infinite lattice with 4 x 2 (uniform)
or 8 x 2 (striped) supercell and the XTRG density matrices are generated on an 8 x 8 lattice with PBC on the y direction. The light blue curves
mark the projected energies for the XTRG density matrices with PBC on both directions. The insets show the difference Ae between the
projected XTRG energies and the striped iPEPS ground-state (GS) energies with respect to temperature for two representative doping levels.

Hamiltonian. Specifically, an 8 x 8 lattice with PBC along
both x and y directions contains 128 nearest-neighbor (NN)
hopping terms and 128 next-nearest-neighbor (NNN) hopping
terms, whereas the same lattice with PBC only along the y
direction comprises 120 NN terms and 112 NNN terms. To
reconcile these discrepancies, we posit bulk-averaged ener-
gies for the missing boundary contributions. This leads to a
projected (kinetic) energy with

epoy  128enn + 128enny

et 120eny + 112enan’

(20)

where exn and ennn denote the mean energies of the NN and
NNN hopping terms, respectively. This projected energy fur-
nishes a more commensurate reference for comparison with
the iPEPS results.

Figure 2 displays the ground-state energy (red for uniform
and orange for striped states) obtained from iPEPS simula-
tions, alongside the energy at T/t = 1/256 (blue) derived
from the 1s™ XTRG algorithm. The light blue curves indicate
the projected energies for the XTRG density matrices with
PBC along both directions.

For both ¢'/t = —0.25 and t'/t = 4+0.25, the projected
XTRG energies align well with the iPEPS ground-state en-
ergies, showing a similar overall doping dependence. In
particular, they lie quite close to the energies of the striped
states, which may be attributed to stripe formation induced by
the OBC along the x direction in the XTRG simulations. This
agreement indicates that our XTRG algorithm attains suffi-
cient purity upon approaching the ultracold regime, i.e., the
density matrix p ~ |GS)(GS| at lowest temperature, where
|GS) is the ground state.

VI. PAIR-PAIR CORRELATIONS

In this section, we investigate the dependence of pairing
correlation, which signifies the strength of superconductiv-
ity, on doping, temperature, and the sign of ¢’ /f. Rigorously
speaking, anomalous local pairing amplitudes are forbidden
by the one-dimensionality of the tensor network together with
the conserved U(1)charge symmetry. We therefore focus on the
pair-pair correlations, which quantify the propensity for pair
propagation.

Here, we primarily examine the nearest-neighbor singlet
pairing correlation

ps(r,als. B) = (Al cioBssip), @
where the singlet pairing operator Ay ;4 is defined as
Ar,r+¢x = Cr 4 Cr+a,} — Cr,|Crta,t> (22)

and o = X,y denotes the horizontal or vertical unit vector.
Following Refs. [60,118], we zero out the contributions when-
everr, r+a, s, or s+ B are not all distinct. The correlator
ps(r, als, B), viewed as a matrix with composite indices (r, o)
and (s, B), can be diagonalized, and one can take the dom-
inant eigenvalue as a scalar indicator of the pairing strength
[60,118,119].

Figure 3 presents the dominant eigenvalue of pg as a func-
tion of doping § and temperature 7' /t, obtained via the 1s™
XTRG for t'/t = —0.25 (left) and ¢'/t = +0.25 (right). The
colored contour map shows the interpolation between discrete
data points marked by the red circles.

We observe from Fig. 3 that pairing correlations strengthen
with increasing doping 6 and decreasing temperature 7T /t,
consistent with the general trends seen in iPEPS ground-state
simulations [47] and in cuprate phenomenology. More-
over, the correlations are systematically larger for positive
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FIG. 3. The pair correlation indicator as a function of doping § and temperature 7 /¢, obtained from the 1s™ XTRG for ¢’ /t = —0.25 (left)
and '/t = 40.25 (right). Red circles mark the positions with exact data, and the colored contour map displays the interpolation between the
data points. The pairing correlation is found strengthened at large doping, low temperature, and a positive /¢ ratio.

t'/t, in line with various ground-state or finite-temperature
studies of the t-J [57-59,63-65,89] and Hubbard models
[37,44,47,88,111,120]. However, if one adopts the band-
structure-based identification that for cuprate superconductors
t'/t > 0 or < 0 corresponds to electron or hole doping, re-
spectively, our finding that pairing is stronger fort’ /¢t > 0 than
for t'/t < 0 would then be at odds with the experimental ob-
servations that pairing is weaker for electron- than hole-doped
systems. This emphasizes the need for further investigations
of the appropriate parameter settings and effective-model
terms relevant for the electron-hole asymmetry of cuprates.
Similar tensions have been reported in related ¢-t’-J and
Hubbard studies [58,111,121]. In particular, density- or hole-
assisted hopping terms, which can arise when downfolding
multiband models to an effective single-band description [42],
may be important for capturing the doping-asymmetric carrier
mobility and for enhancing pairing on the hole-doped side.

VII. SPIN SUSCEPTIBILITY AND PSEUDOGAP

The pseudogap—manifested as a partial depletion in the
electronic density of states—is a hallmark of underdoped
cuprate superconductors. Its onset suppresses the low-energy
spectral weight and, concomitantly, reduces the uniform spin
susceptibility xg. In practice, as temperature decreases, xs
initially follows a Curie-Weiss-like increase, reaches a max-
imum at a characteristic scale 7*, and subsequently decreases
as the pseudogap develops. The locus of this maximum
thus provides a practical proxy for the pseudogap onset
temperature 7*.

We compute the spin susceptibility by augmenting the
Hamiltonian with a Zeeman term, H; = —h ), S;. The uni-
form susceptibility is then approximated as

xs = —(8)/h (23)
for a sufficiently small external field #=0.01, where S* =
> S7/L. To probe the response to a magnetic field, we relax

the SU(2)gpin symmetry to U(1 )i, in these simulations, and
retain a maximum bond dimension of D = 1500.

Figure 4 compiles xs across doping § and temperature
T /t, obtained via the 1s™ XTRG for ¢’ /t = —0.25 (left) and
'/t = 40.25 (right). The colored contour shading interpo-
lates between discrete data points as indicated by red markers.
The dashed curve tracks the ridge line of the susceptibility,
identifying the onset scale 7* at which the pseudogap begins
to emerge.

From the figure, T* decreases monotonically with in-
creasing §, with a more pronounced reduction for positive
t'/t. These trends are broadly consistent with results for
the #-J model [89] and with observations in various cuprate
compounds [122—-124]. We note that the temperature axis is
logarithmic, which visually attenuates the apparent variation
of T* with doping. Besides, the overall magnitude of yg is
smaller for positive ¢'/¢, indicating a more enhanced pseudo-
gap effect in this regime.

Moreover, for positive ¢'/t we observe an anomalous low-
temperature enhancement of xs near § ~ 0.02. On an 8 x 8
lattice, this doping approximately corresponds to a single
hole introduced into the half-filled system. The upturn can
therefore plausibly be attributed to the formation of a Nagaoka
polaron [125-128], which engenders an underlying ferromag-
netic tendency and exhibits a strong response to the external
magnetic field.

VIII. SAMPLING OF THE DENSITY MATRIX

In this section, we elaborate a straightforward sampling
[89] scheme for the thermal density matrix p in the format
of an MPO. This procedure can be used to generate an en-
semble of snapshots (projections onto basis states of the Fock
space) for each density matrix at any specified location in
phase space. These ensembles can then be assembled into
datasets for subsequent artificial intelligence (AI) analyses
aimed at uncovering novel, nontrivial features of the Hubbard
model.
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FIG. 4. The spin susceptibility (a), (b) as a function of doping § and temperature 7 /¢, and (c), (d) as a function of temperature 7 /¢t for
three representative doping levels (via interpolation), obtained from the 1s* XTRG for (a), (c) '/t = —0.25 and (b), (d) '/t = +0.25. Red
circles mark the positions with exact data, and the colored contour map displays the interpolation between the data points. The thick dashed
line indicates the locus of the susceptibility peak, signaling the onset temperature 7* where pseudogap starts to develop.

We employ sequential sampling. Specifically, for site i,
assuming all sites ¢ < i have already been sampled, the single-
site reduced density matrix p; can be constructed via the
partial trace:

a ? ? - .,

where the local state projector is defined as

|o)(al

(25)

with o denoting the sampled local state of the corresponding
site. The diagonal entries of p; thus furnish the probability
distribution for the local state o; at site i. Sampling proceeds
by drawing o; according to this distribution and then repeating
the procedure for the next site i 4 1.

In this work, we generate snapshot ensembles for the
minimal Hubbard model (+' = 0) on an 8 x 8 open-boundary
lattice intended for future comparisons with modern ultracold
atom experiments [83,97,99,100,103,105,108]. The thermal
density matrix MPOs are produced using the 1s™ XTRG
method across the doping range of 0 < § < 0.25 and down
to a lowest temperature of 7'/t = 1/256. To resolve the spin

orientation, we relax the symmetry here from SU(2)g,;, down
to U(1)pin- Applying the sampling protocol described above,
we draw 1000 snapshots for each combination of doping and
temperature.

Figure 5 documents the convergence of the hole density
n, and double occupancy n; as a function of sample size
at § >~ 0.1694 and T/t = 1/16. Green dashed lines indicate
reference values extracted directly from the density matrix.
We find that satisfactory convergence is achieved for =200
samples; accordingly, a sample size of 1000 is sufficient to
furnish a representative ensemble for the corresponding point
in the phase space.

IX. SUMMARY AND OUTLOOK

In this work, we introduced an enhanced 1st XTRG al-
gorithm that accelerates the cooling of the two-dimensional
Hubbard model at finite temperature. By enlarging the ac-
cessible variational manifold, the method attains accuracy
comparable to a two-site update while incurring computa-
tional cost near that of a one-site update, delivering speed-ups
of up to 50% for Hubbard-like systems. This improve-
ment enables cooling down to 7/t ~ 0.004 and supports
direct comparisons with zero-temperature iPEPS simula-
tions. We demonstrate that the projected XTRG energies
and pairing-correlation characteristics are in close accord
with iPEPS ground-state results, indicating that our XTRG
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FIG. 5. Convergence behavior of hole density n, and double
occupancy n, as a function of sample size at 6 >~ 0.1694 and T'/t =
1/16. Green dashed lines indicate reference values extracted directly
from the density matrix.

approach achieves sufficient purity upon entering the ultracold
regime.

Our finite-temperature simulations provide a systematic
characterization of singlet pairing correlations and spin sus-
ceptibilities across a broad range of dopings and temperatures.
We find that pairing correlations are enhanced at large doping,
low temperature, and for positive ¢'/t; the latter trend accords
with numerous prior numerical studies yet contrasts with be-

haviors observed in cuprate materials. The pseudogap onset
temperature 7* decreases with increasing doping for both
signs of ¢'/¢, in line with experimental observations. Finally,
we identify an anomalous low-temperature enhancement of
the spin susceptibility within a narrow underdoped regime,
which may be attributable to the formation of a Nagaoka
polaron.

In addition, we leveraged a sequential sampling scheme
that generates snapshot ensembles for the minimal Hubbard
model, each comprising 1000 samples and shown to be sta-
tistically representative of the corresponding point in phase
space. These snapshots furnish a data resource for analyzing
thermal properties and correlations, opening the door to future
Al-driven investigations of the Hubbard model. A comprehen-
sive analysis of this dataset is a topic for future research.
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